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The density functional theory

Hohenberg-Kohn's theorem & Kohn-Sham theory

Levy's DFT (Density Functional theory) 

The energy of the ground state is given by the minimum of an
Energy functional of the single-particle density.
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This equation is solvable by a high speed computation by
the Car-Parrinello method or CG. 



The local density approximation I.

The local density approximation II.



The local density approximation III.

Correlation energy density for LDA
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Hedin & Lundqvist (1971)
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The plane-wave expansion I.

The plane-wave expansion II.

‘

Di i f th t i b O(103) O(104)• Dimension of the matrix can be O(103) or O(104).
• The diagonalization is often performed using the Housholder method of the    
conjugate gradient method (CG). 

However, 
• the process to find the ground state is regarded as an optimization process for
the energy functional in the function space. 

The Car-Parrinello method (Conceptually different idea)



The pseudopotential I.

Ca  4p orbital
All electron calc.

Ca  4s orbital
All electron calc.

Pseudization calc.

Pseudization calc.

The pseudopotential II.



The pseudopotential III.

The pseudopotential IV.



The pseudopotential V.

Application for a metal

The band structure of Al (FCC)
The plane-wave expansion with a pseudo-potential

GGAPBE96



Covalent crystals I.

Diamond and Graphite as covalent crystals.
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Diamond structure Graphite structure

Band structure of cubic diamond

σ∗ bands
(anti-bonding
bands)

σ bands
(bonding bands)

An energy gap appears and the system is a wide gapAn energy gap appears and the system is a wide-gap
semiconductor.



Bonding charge in hex-diamond

In a covalent crystal, 
we can see charge 
density of electrons 
at each bond 
connection.

Yellow object 
represents charge p g
density and white 
spheres are carbons.p

Band structure of graphite

σ∗ bands
( i b di(anti-bonding
bands)
∗ b dπ∗ bands

(anti-bonding)

π bands
(bonding bands)

σ bands
(bonding bands)

The π band is half filled and there are smallThe π-band is half-filled and there are small
Fermi pockets both for electrons and holes. (Semimetal)



Bonding charge in graphite

Bonding charge g g
comes from σ-
electrons.
This system is a 
semimetal where 
the Fermi surface 
is made of π-
bandsbands.

Techniques in the molecular dynamics

Constant-Temperature Scheme (Nose & Hoover)`Constant Temperature Scheme (Nose & Hoover)
Average of the kinetic energy is made constant by 
introduction of interaction between the system and an 
imaginative heat bath.

An equation of motion with dissipative term written by an 
artificial variable is solvedartificial variable is solved.

Constant-Pressure Scheme (Parrinello & Rahman)
The volume (cell parameters) of the system is made aThe volume (cell parameters) of the system is made a 
variable.

MD and structural optimization is performed using the p p g
enthalpy, H=E+PV.

Realization of realistic situation



The Hellmann-Feynman force

The internal stress I



The internal stress II

The internal stress III



The equations of motion for CP-FPMD

tot

The calculation scheme of FPMD at a constant pressure

Input:
Atoms
Unit Cell {RI}

{a }Atoms
External Pressure

{a0}

a = (1 +ε ) a0

Pext

a = (1 + ε)a0

Structural
optimization

Molecular
dynamics

{Ψi}

( ) 0

Wave Functions

( ) 0

by CG method
Kohn-Sham eq.{

{F}
{σ}

HF Force
Quantum Stress

Molecular DynamicsConvergence check

{ε}{RI} update

using {F} {σ}

{ε}{RI} update{ε}{RI} p

Optimized {Ψ i} {ε}{RI}



Graphite-diamond transformation in a FPMD 
simulationsimulation

At bi t At hi hAt ambient pressure At high pressure

Formation of new bondings at the transformation

• White objects are carbon
atoms and yellow iso-

f t hsurfaces represent charge
density of electrons.

• We see new bondingWe see new bonding
represented by bonding
charge between graphite
layers. 

• Sliding of layers
d t f tioccurs due to formation

of sp3 bond connections.



Graphitic structure stable in 40GPa range

• G-ball has a concentric 
structure made of graphitic 
sheetssheets.
• The ball does not show 
any structural y
transformation up to ～
40GPa.
• The conductance of the 
ball becomes high at high 
pressurepressure.

TEM image of the graphite ball
b F K k i l (2001)by F. Kokai et al. (2001).

Lattice constants of graphitic system in high pressure

1. Calculation has been done
for hexagonal graphite with
AB stacking of grapheneg g p
layers.

2. Since we assume the2. Since we assume the 
graphite structure in calc.,
no phase transformation
is seen and the structure
is meta-stable up to 60GPa.

Exp: by Nakayama et al.



ESoptとは

東京大学物性研究所にて開発されたoptをもとに
学基礎 学 究 修 も大阪大学基礎工学研究科で修正されたもの。

平面波基底展開法

擬ポテンシャル（Norm-conserving P.P.)

交換相関項 PW91交換相関項 PW91

Esoptは特に以下の特徴をoptから引き継いでいる。

ソ スコ ドの可読性の高さソースコードの可読性の高さ

波動関数のもつ全自由度を同時最適化するCG法

Characteristics of basis sets for DFT calculation

• Plane-wave expansion method with pseudo-potentials

• Since plane waves are independent of position of atoms the result isSince plane waves are independent of position of atoms, the result is 
accurate with respect to the valence electrons.

• Accuracy of the calculation is determined by the maximum energy of plane 
waves.

• The kinetic energy is diagonal in the Fourier space, while the potential 
energy is diagonal in the real space.  FFT is used to connect two spaces.gy g p p

• The Hellmann-Feynman force and the quantum stress are easily obtained.

• FLAPW (Full-potential linearlized augmented plane wave)

• The wave functions in an atomic sphere are expanded in spherical waves. 
Otherwise, they are written in the plane waves.

• Accuracy is determined by number of spherical waves and the maximumAccuracy is determined by number of spherical waves and the maximum 
energy of plane waves.

• Less ambiguity compared to the pseudo-potential method.

• Pulay force has to be evaluated.


